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tangent line

$3.1 Derivative of a Function
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“The derivative of f with respect to X s ...’

There are many ways to write the derivative of ) = / | (\)




Differentiability

- Differentiability- being able to find an existing
derivative for a given point on a function e
- For a function to be differentiable at a specific
point, it needs to be continuous at that point and
the derivative must also be continuous at that
point
- Places at which functions are non-differentiable:
- Cusps
- Vertex .
- Vertical Asymptote s

- Jump . -
- Hole ey
- Vertical tangent line . 4 =
- L B
- -, ‘ .




DIFFERENTIATION FROM FIRST PRINCIPLES

Consider a general function v f(x) where A i1s the point (x, f(x)) and B is the point

(x+ h, f(x+ Rh)).

A 3/ Fomsie . Fos
: The chord [AB] has gradient J(a h) — fix)

ey 8 | x + h —=x
z f(x + h) — f(x)
h

If we let B approach A, then the gradient of [AB]
approaches the gradient of the tangent at A.

- ) —>

z

T x + h

f(x+h) — f(=x)
h

So, the gradient of the tangent at the vanable point (x, f(x)) 1s the limiting value of

. s e e
as h approaches 0, or }11111 J(a ’}) f(x)
r—=() 2

This formula gives the gradient of the tangent to the curve wy f(x) at the point (x, f(x)), for any
value of the variable x for which this limit exists. Since there is at most one value of the gradient for
each value of x, the formula i1s actually a function.

The derivative function or simply derivative of y — f(x) 1s defined as

() = 1im f(e v 1) — )

h—0O h




ALTERNATIVE NOTATION

If we are given a function f(x) then f’(x) represents the derivative function.

: : ’ dy ; x

If we are given y In terms of o then 7 or = are commmonly used to represent the derivative.
Ll

dy o ‘e - - ~ -

5 reads ““dee y by dee =7 or “the demnvative of y with respect to =”.

L

dy : ; 4 ; dy 3

- 1s not a fraction. However, the notation 1S a AY

L

dx
result of taking the limit of a fraction. If we replace 22 by

éx and f(x + h) — f(x) by 6y, then

f(x) Iim f(z+h) — f(x)

becomes
h—s0 Fe
’ X Sy
I (=) IHm .
' Sx—0 Oox
dy
dax
v
THE DERIVATIVE WHEN o — a
The gradient of the tangent to z = f(x) at the point where = = a is denoted f'(a), where

iy — T TSR] — F(a)

fr— 0O h




Differentiability or Derivability =~ Method to Show Differentiability
A real function [/ is said to be derivable or Ofa Function

differentiable ac a point ¢ in its domain, if its left hand and
right hand derivatives at ¢ exist (i.e. finite and unique) and
are equal, ie. Lf(c) = Rf"(c). Here, at x =¢ left hand

derivative, o
LHD = Iim fle=h) WA

Suppose a function f(x) define in a domain is given to
us and we have to check its differentiability at point x = ¢ in
its domain. Then, we use the followmg steps:

. Firstly, write the given function say f(x) and the

= Lf'(c)

P ) : point say x=¢ at which we have to check
and right hand derivative, differentiability.

RHD = i fle+h) = f(e) = RO, [I. Find left hand derlvatl\;((‘L—HB)_atx(jcby using the
ad g | formula, LHD = lim . fle ,

The common value of Lf”(¢) and Rf”(c) is known as h—0 —h

the derivative of f(x) at x =¢ and denoted by f”(c). [1I. Find right hand derivative (RHD) at x = ¢ by using

Also, a function is said to be differentiable in an interval the formula
(a, b), if it is differentiable at every point of («, b). f(c ) = f(()
RHD = lim :

h—0 }

A function is said to be differentiable in an interval
[@,b]), it it is differentiable at every point of [, b] (same as s ek
continuity we take right hand derivative and lefc hand V. [FLHD=RHD atx = ¢, then f(x)is differentiable at
derivative at 2 and 4, respectively). X = ()thcrwmj is not differentiable at x = ¢,




Example 1. Isf (x) = |[x~ 1] + |x - 2| differentiable at = lim — = |im 0 =0
x=2? h—0-h h=0

Solution. We have : f (x) = |x - 1]+ |x-2]. f(2+h)-f(2)
h

im f(2-m)-£(2) .~ and Rf’(2) = hh_r)no
=0 - h

Lff@=)

[ 2+r)=1|+|(2+r)-2]]
-[12-1]+|2-2|]
h

1 (2= h)=1]+| (2= n)-2|]

[|2-1|+|2—2& e
- h |

| lim l+h+h-1-0
o [L=h|+]- h|-1-0 it
T h-0 -h

lim
= lim
h—0 -h

Thus Lf'2)=Rf’ Q).

Hence, ‘f” is not differentiable at x = 2.




ax+b, if x <1

Example 2. Find ‘a’ and *b', if the function givenby: [(x)= 2+, if x>

is differentiable at x = 1,

Solution. Since 'f"is derivable a x = |, Again since ‘f is differentable at x = |, 3-ah2-h)-3 2

= lim 3 - }1"2)7 [Using (1)]
~ ' is continuous at x = | Lf /(1) =Rf (1) >0 ! )

m f(x)= lim f(x)= ) _ lim%
‘\-2:1_/(.\)= ,\-Tllf('\)_f(l) =)= £ i f+h)= £ = lim =

= lim hs0 =l i h
0 =h ) h

> lim(@ +b)= fim Qr+1)=2()+1=3

=" |t

» lim a(2-h) = lim(2)
h=0) N0

N gl 20+ ) +11-3
=>lim[a(] 013 :Iim[ Lzl 20=2 3 q=|.
0 —h G .

> lim(a(l=h)*+b) = fim2(1 4 h)+1 =3
h=() h=()

Puttingin(l), 1+b=3=>b=3-12h=2,

(at+b)-2ah+ah®*-3  (2h+3)-3
= lim = lim

0 h T hed Hencea=1and b =2
h" e -

a+b=2+1=3

a+b=3

a+b =3




1. Examine the differentiability of the function
- { x[x] A D=3 <2
4 —

(x—Dx ,WH2=x<3 NCERT Exemplar

x [x] L ifF OS2
Gi 5 =
iven, F{x) {(x—l)x » I 2 <5

and at point x = 2, we have to check differentiabilirty.

At x = 2, LI—ID=/lim f(2—/a)/7— Lty
7 —> 0 -

) (2 — A2 — /] — 2[2]
= lIim
H—> 0 —
(2 —5A)AQ) — 4

Iim

[ [2 — /h] =1 and [2] = 2]

) i | . 24+ 5
h— O / ]

= not defined
Hence, f(x)is not differentiable at x = 2.




Definition of Derivative: f'(x)= —

The Derivative 1s the exact rate at
which one quantity changes with respect
to another.

Geometrically, the derivative is the
slope of curve at the point on the curve.

__,_,—-"'

The derivative of a function represents
an infinitely small change the tfunction

with respect to one of 1ts variables. |
& k * Quotient

The derivative 1s often called the * Product ) —y—
“Iinstantaneous “ rate of change. ﬁ dx A= dx ‘ dx
Il

J—




Standard Results 1

f(x) f'(x)

Standard Results 2

nxn—l

fx) | f'(x)
Sin x COS X

ex

COS X —Sin x

a*log, a

tan x SE‘C2 X

cotx | —csclx

1
X
1

Ssecx | secxtanx

CSCX |—CSCx cotx




